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Abstract

When dealing with single trees beside their species also their diameter at breast height and tree height is typically known. With this
information it is common practice to estimate stem volume. Also stem taper functions use diameter and height to estimate diameters at
arbitrary tree heights what is used to calculate assortments. Here is a method shown which gives stem diameter at arbitrary tree heights
and is consistent with a given stem volume.

When measuring trees, typical their diameter (DBH or 𝑑1.3 -
diameter at breast height in 1.3 m height above ground) is mea-
sured. Nowadays more and more also the height of each single
tree is measured. Alternatively the height is calculated by using
a relation between DBH and height. The volume is calculated by
using DBH and height and a form factor. The form factor could
also be estimated by using DBH and height. Sometimes addi-
tional diameters, at different heights on the tree, are measured to
estimate the stem volume and the shape of the tapper. The tap-
per shape can be used to split up the stem and its volume into
different diameter classes called assortments.

Calculating the stem volume by using species, DBH and height
is a standard task which was done in the past by using precalcu-
lated tables and is done now typically by using functions. Getting
the assortments could also be done by using functions but is still
done by using precalculated tables, as the functions, for getting
the shape and the algorithm of cutting the tree into logs is some-
how complex.

Here I will show a method which is using:

𝑑𝑥 = 𝑐0 · (ℎ − 𝑥)𝑐1

one of the simplest equation to describe tapper shape. 𝑑𝑥 is the
stem diameter at height 𝑥, ℎ is the total height of the tree, 𝑥 is
the height from the ground where the diameter 𝑑𝑥 should be es-
timated and 𝑐0 and 𝑐1 are tree specific coefficients.

Instead of the diameter 𝑑𝑥 also the crosscutting area 𝑔𝑥 could be
estimated with the same equationbut with different coefficients:

𝑔𝑥 = 𝑐2 · (ℎ − 𝑥)𝑐3

While 𝑔𝑥 = 𝑑2
𝑥 · 𝜋/4 follows that 𝑐3 = 2 · 𝑐1 and 𝑐2 = 𝑐2

0 ∗𝜋/4.
The integral of the crosscutting area along the stem is the stem

volume 𝑉 :

𝑉 =

∫ ℎ

𝑥=0
𝑐2 · (ℎ − 𝑥)𝑐3𝑑𝑥 =

𝑐2 · ℎ(𝑐3+1)

𝑐3 + 1

With those relations it’s possible to get 𝑐0 and 𝑐1 for a tree where
DBH, height and volume is known.

𝑔1.3 = 𝑑2
1.3𝜋/4

𝑐3 =

𝑊0

(
𝑔1.3∗(ℎ−1.3)∗𝑙𝑜𝑔(1−1.3/ℎ)

𝑉

)
𝑙𝑜𝑔(1 − 1.3/ℎ) − 1

𝑔0 = 𝑔1.3/(1 − 1.3/ℎ)𝑐3

𝑐2 = 𝑔0/ℎ𝑐3

𝑔𝑥 = 𝑐2 · (ℎ − 𝑥)𝑐3

𝑔𝑥 = 𝑔0 · (1 − 𝑥/ℎ)𝑐3

Where all tree dimensions (DBH, h, V) are in m and m3, and
𝑊0() is Lamberts W function: 𝑤 = 𝑊(𝑤𝑒𝑤).

When splitting the stem at the height of the DBH into two parts,
and it is assumed that the lower part has the shape of a cylinder,
the coefficient can be estimated with:

𝑉>1.3 = 𝑉 − 𝑔1.3 ∗ 1.3

𝑐5 =
𝑔1.3 · (ℎ − 1.3)

𝑉>1.3
− 1

𝑐4 = 𝑔1.3/(ℎ − 1.3)𝑐5

𝑔𝑥 =

{
𝑐4 · (ℎ − 𝑥)𝑐5 if 𝑥 ≥ 1.3𝑚
𝑔1.3 otherwise

It is also possible to make an assumption of the stem diameter
at the ground (height 𝑥 = 0), like that it is 1.3 cm larger than the
DBH. For trees smaller than 1.3 m it could be set to its height
divided by 100. In this case there is no need that the tapper shape
goes through the DBH.

𝑑0𝑎 =

{
𝐷𝐵𝐻 + 0.013 if ℎ ≥ 1.3𝑚
ℎ/100 otherwise

𝑔0𝑎 = 𝑑2
0𝑎 · 𝜋/4

𝑐7 =
𝑔0𝑎 · ℎ
𝑉

− 1

𝑐6 = 𝑔0𝑎/ℎ𝑐7

𝑔𝑥 = 𝑐6 · (ℎ − 𝑥)𝑐7

Note that all three shown methods to estimate 𝑔𝑥 can give for a
specific height different values. All give monotonic decreasing or
steady diameters from the ground up to the treetop and all come
to the same stem volume. It can be used for diameter and volume
with or without bark.

For a practical example assume a tree with the following di-
mensions.

DBH = 0.252 m
h = 27.5 m

The diameter of the stem was measured at height 0.5 m, 1.5 m,
2.5 m, . . . , 26.5 m and is given in m (see fig. 1):

.261, .250, .242, .245, .237, .228, .220, .218, .213,

.206, .203, .197, .190, .182, .176, .165, .157, .149,

.140, .126, .116, .112, .092, .082, .063, .046, .026

According to Huber the stem volume can be calculated with:

𝑉 =
∑

𝑙 · 𝑑2𝜋/4 = 1(0.2612 + 0.250+... + 0.0262)𝜋/4 = 0.6902𝑚3

1



The basal area at breast height is:

𝑔1.3 = DBH2𝜋/4 = 0.2522𝜋/4 = 0.04988𝑚2

And the coefficient 𝑐3 is calculated with:

𝑐3 =

𝑊0

(
𝑔1.3∗(ℎ−1.3)∗𝑙𝑜𝑔(1−1.3/ℎ)

𝑉

)
𝑙𝑜𝑔(1 − 1.3/ℎ) − 1

=

𝑊0

(
0.04988∗(27.5−1.3)∗𝑙𝑜𝑔(1−1.3/27.5)

0.6902

)
𝑙𝑜𝑔(1 − 1.3/27.5) − 1

= 1.09545

And the coefficient 𝑐2 is calculated with:

𝑔0 = 𝑔1.3/(1 − 1.3/ℎ)𝑐3

= 0.04988/(1 − 1.3/27.5)1.09545

= 0.05259𝑚2

𝑐2 = 𝑔0/ℎ𝑐3

= 0.05259/27.51.09545

= 0.001394

And the coefficient 𝑐0 and 𝑐1 are calculated with:

𝑐0 =
√
𝑐2 · 4/𝜋 =

√
0.001394 · 4/𝜋 = 0.04213

𝑐1 = 𝑐3/2 = 1.09545/2 = 0.5477

The Volume would be:

𝑉 =
𝑐2 · ℎ(𝑐3+1)

𝑐3 + 1
=

0.001394 · 27.5(1.09545+1)

1.09545 + 1
= 0.6902𝑚3

And the diameter at height 𝑥 is:

𝑑𝑥 = 𝑐0 · (ℎ − 𝑥)𝑐1 = 0.04213 · (27.5 − 𝑥)0.5477

𝑑1.3 = 0.04213 · (27.5 − 1.3)0.5477 = 0.252𝑚

The pattern is shown in fig. 1 as "through DBH".

Assuming the stem is a cylinder below the DBH the calculation
will be:

𝑉>1.3 = 𝑉 − 𝑔1.3 · 1.3 = 0.6902 − 0.04988 · 1.3 = 0.6254𝑚3

𝑐5 =
𝑔1.3 · (ℎ − 1.3)

𝑉>1.3
− 1

=
0.04988 · (27.5 − 1.3)

0.6254
− 1

= 1.0895
𝑐4 = 𝑔1.3/(ℎ − 1.3)𝑐5 = 0.04988/(27.5 − 1.3)1.0895 = 0.001421

𝑉 =
𝑐4 · (ℎ − 1.3)(𝑐5+1)

𝑐5 + 1
+ 𝑔1.3 · 1.3

=
0.001421 · ℎ(1.0895+1)

1.0895 + 1
+ 0.04988 · 1.3

= 0.6902𝑚3

𝑔𝑥 =

{
𝑐4 · (ℎ − 𝑥)𝑐5 = 0.001421 · (27.5 − 𝑥)1.0895 if 𝑥 ≥ 1.3𝑚
𝑔1.3 = 0.04988 otherwise

𝑑1.3 =
√
𝑐4 · (ℎ − 1.3)𝑐5 · 4/𝜋

=
√

0.001421 · (27.5 − 1.3)1.0895 · 4/𝜋
= 0.252𝑚

The pattern is shown in fig. 1 as "Cylinder".

Assuming diameter on the ground is 0.013 m larger than the
DBH the calculation will be:

𝑑0𝑎 = 𝐷𝐵𝐻 + 0.013 = 0.252 + 0.013 = 0.265𝑚
𝑔0𝑎 = 𝑑2

0𝑎𝜋/4 = 0.2652𝜋/4 = 0.05515𝑚2

𝑐7 =
𝑔0𝑎 · ℎ
𝑉

− 1 =
0.05515 · 27.5

0.6902
− 1 = 1.1975

𝑐6 = 𝑔0𝑎/ℎ𝑐7 = 0.05515/27.51.1975 = 0.001042

𝑉 =
𝑐6 · ℎ(𝑐7+1)

𝑐7 + 1
=

0.001042 · 27.5(1.1975+1)

1.1975 + 1
= 0.6902𝑚3

𝑔𝑥 = 𝑐6 · (ℎ − 𝑥)𝑐7 = 0.001042 · (ℎ − 𝑥)1.1975

𝑑0 = =
√

0.001042 · (ℎ − 0)1.1975 · 4/𝜋 = 0.265𝑚

The pattern is shown in fig. 1 as "through DBH+1.3".

Figure 1: Different methods to estimate tapper curve
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